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THE HARMONIC ANALYSIS OF THE SEMICIRCLE AND OF THE 
ELLIPSE 





By A. E. KENNELLY 


Ir the diameter of the semicircle in Figure 1 is equal to 7, the equation 
of the semicircle is y= \Vr(7 — 7). Let it be required to express it in the 
form 


y= > a,, sin mex. 


This calls for the development of (7 — x) into a Fourier sine-series, 
the development holding good from «=0to#=7. We have 
2(* . 
a= [y sin mx dz. 
T Io 


Express the integral in terms of the angle a, which may be considered 





as increasing positively from 0 to 7 radians as x increases from 0 to 7 units. 





Then = 5 sina, 
T 
r=5 (1 — cos a), 


T . 
dx = — sina- da, 


we 


(49) 
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and the transformed integral is 


tre. ; T Fz 
a, = - ~ sina-sinm —~(l—cosa)- — sina-da 
Tw) 2 2 2 
e 2”. 2 Z mr mor 
= —] sin?a.- sin -_— —— cos a )da 
2 Io 2 2 


fr... {.. mr 
= 5] sin’a ‘ame > cos |—> cosa@ ) — cos = sin (~~ cosa 
saa 0 ~_ 3 


For any uneven integral value of m, this becomes : 


ee wr 
+4, = 5] sin’ a cos (—, cos a da 
J0 


mer mT ‘ mrv\e | 
COs 7a cos‘a — ) cos*a ) 


sin? a | a .dadinene a ; ++++>da 
f 6: ) 


nw) 


na 


a ac 
[ sin? a da — —s [ sin?a cos*a da + [ sin? acostada—..- ‘| 
mer AE G mor 
7G ) a ) LG ) ie 
; _ de =e] 


, 2) CG io 


P ‘647 BY ‘Tos 








be! 2 


_ iL -(— +(F mr mT § a- 
~% se 2! Vg 4! CG ve 6! + -- 
Mr mr Mir Wer 
=] - -F ant (> Se te FF rat (F " 5! 4! s+]. 


For any even integral value of m, a,, =. Consequently the equation of 
the semicircle is equivalent to the following : 


_ Cy an 1)"+! r\ 2n-) . (— Dade 3rr\ 2n—D 
y= [sine (9) —sin 3a > b ae +e]. 
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Each of these terms contains an infinite convergent series. Each term is 
affected with the positive sign. 
Considering the first term within the bracket, the coefficient of sin x is 


1 1 sr? 1 r\4 1 rr ® 
1~ 21 4 + arai(z) -aa(3) rents 


or lwe¢ Gage Bass, 
Then the corresponding series for the mm harmonic is 
1 — ma + mB — m*y + mS —..--. 


As m increases, more terms must be added in order to approach the final limit 
within an assigned error. ; 


TABLE I 





. 489 1497 671 
. 901 1782 795 
. 212 1767 963 
.701 3265 635 
014 3850 716 
. 181 3155 440 
. 223 3072 798 i 
.156 1545 462 i 
. 992 0917 996 

. 740 8788 772 

. 410 4847 088 

. 007 5398 733 | 
537 6482 481 i 
3. 005 6087 161 | 
.415 5772 371 
32.771 1880 958 
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Table I gives the common logarithms of the quantities a, 8, y, etc., as far 
as p, the 18" term in the series for the coefficient of sin z. 
The computed series for y as far as the fourth term is: 


y = 1-78073 sin x + 0.29494 sin 3x + 0.13274 sin 5x + 0-07903 sin 7x + -- >. 


In order to attain a degree of accuracy sufficient to ensure the fifth decimal 
digit, six terms are necessary for sin x, nine terms for sin 3x, thirteen terms 
for sin 5x, and eighteen terms for sin 72. 








FIG. 2. 


The accompanying diagram in Figure 2 shows the relations between the 
tundamental sinusoid and the sum of the first two, three, and four terms in the 
series. The line of points gives the final sum of all the sinusoids including 
the 7"’-frequency harmonic. 


Analysis of the Ellipse. 


In Figure 3, let Oa 6 7 be an elliptic curve, the semicircle O.A B 7 being 


— - . —_ . ma 
the upper half of the auxiliary circle. Let g be the projective ratio + 
. = 2 
1¢ 
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of the ellipse; then by the projective property of the ellipse, the component 
sinusoids will all be g times the corresponding sinusoids of the auxiliary 
circle ; so that the series of harmonics for the ellipse is 


” 


qr? ; z — ier 2n—1 (— it 37 2(n — 1) 
=¢q-I|s x> — § 3a 3 fae + oe 
Y= [sin 2 3! ni(n — 1)! iG) " Trin —1)! (Zz) ™ |: 


5) 
Since the mean ordinate ofa sinusoid is = times the maximum, the area of a 
7 


sinusoid is aA-B; where A is the amplitude and B is the semi-wave length 








of the sinusoid. The area of a semicircle must be the same as the area of the 
harmonic components. 


, » | 12 = ma ass 2in —1 
The area of the fundamental is =f p ( — rs | 
| 4 int(u 


2 (g2%( — +1 2a An—1 , 
The area of the triple harmonic series is 1*'s‘ ' I) ( 4 ‘bw 
T(4,n'(n—1)!\4 )3 


The area of the quintuple harmonic series is 


ig i epee (CF) as \e 


wl 4,n"n—1)! 


and so on. The total area will be 


7 = ae IS (- ])"+! (Fy n—1 oe 
jet Bint(n—1)! ) 








omnes peng emcee 
OR Tia =a " 








I 
ai 
i} 
Bi 

; 


ed 


— 





ee 


guteas 


wy 








o4 KENNELLY 


This will be equal to the area of the semicircle or 7/8. Consequently 


7 _s(- ])"+! GQ eh tr G 
 al(n—1)!\4 a, ni(n—1)! 
+53, =~ §er* (7) -- 
5, si(n—1)! 


which serves as an interesting check upon the correctness of the develop- 
ment. The values for these terms as far as the fourth are: 


er 0-119536 0.053798 0.032031 
0.721705 + 3 - pear 
. 9) ( 


= 0.721703 + 0.039845 + 0-010760 + 0.004576 +... 


= 0.776884 + terms of higher order. 


The value of 7 4 to six places being 0-785398, the sum of the remain- 
ing terms to infinity will be 0.008514. 
If we introduce Bessel’s functions of the first order, viz: 


Ft) zx ] r\? 1 x\* l xr\ & 
ant die ak |! #43) ~ 21 ai(s) — a(3) 


we shall have 
ff sco ] y” +1 


£ 
. 
ni(n— 1)! 


’ ] 
(zo = J,(2x), 
£ 
so that the expansioa on page 50 may be written in the form 
T ‘ ] arr — l a1 a 
y= [7 G ): sm x — 5 A( ) ): sin 3a + z n(F): sin br —.- ‘|. 
and the above check becomes 


(3) 4G) - AG) + 4G) 


Harvarp UNIVERSITY, 
CAMBRIDGE, Mass, 








NOTE ON THE POSSIBLE NUMBER OF OPERATORS OF 
ORDER 2 IN A GROUP OF ORDER 2” 


By G. A. MILLER 


. 

Ir is well known that there is only one group of order 2” in which all the 
operators besides the identity are of order 2; viz. the abelian group of type 
(1, 1,1,---). In every other abelian group the number of the operators of 
order 2 is less than half the order of the group. There are, however, many 
different types of non-abelian groups in which the number of operators of order 
2 is more than half the order of the group. The present paper is devoted to 
the non-abelian groups of order 2” which have this property. The main ob- 
ject is to prove that the number of operators whose orders exceed 2 can always 
be obtained by multiplying the order of the group by one of the following in- 
tinite system of fractions : , 


st. te 1 
4°s’' ie’ CUCU CS 


Let G be any non-abelian group in which more than half the operators are 
of order 2, and let // represent the subgroup of G which is composed of all the 
operators of G which are commutative with a non-invariant operator (¢) of 
order 2 contained in G.* Since ¢ is not commutative with any operator of 
G — H, it follows that G — // cannot contain more operators of order 2 than 
of higher orders ; for the product of ¢ into any such operator of order 2 is 
of an order which exceeds 2. Since G — H must include at least one-half of 
the operators of G, it results that at least one-fourth of the operators of G 
must have orders which exceed 2. Moreover, there is a group of order 8 (the 
octic group) in which there are tive operators of order 2 and two operators of 
order 4. Hence there are many groups in which this lower limit is attained ; 
viz. the direct products of the octic group and abelian groups of order 2* and 
of type (1, 1, 1,---). In what follows it will be assumed that G is of 
order 2”. 


*Such a non-invariant operator must exist in G since Gis generated by its operators of 
order 2. 
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1. General properties of (*. Let ¢ and // be defined as in the pre- 
ceding paragraph. If // is abelian it must be of type (1, 1, 1, - - -) since 
more than half of its operators are of order 2. If #/ is non-abelian it must 
contain a non-invariant operator (¢,) of order 2. All the operators of // which 
are commutative with ¢, constitute a subgroup (//,) such that // — //, contains 
at least as many operators whose orders exceed 2 as there are of order 2. By 
continuing this process we finally arrive at an abelian subgroup of type (1, 1, 
1,---). Moreover, the quotient group corresponding to the commutator 
subgroup of G is also of this type, since more than half the operators of ( are 
of order 2. 

From the form of the commutator quotient group it follows that the com- 
mutator subgroup includes the square of every operator in G. It is also easy 
to see directly that the square of every operator of G is a commutator, since 
any operator whose order exceeds 2 multiplied into some operater of order 2 
must give a product of order 2; i. e. every operator of G is transformed into . 
its inverse by some operators of order 2 contained in G.* 

It will be convenient to employ a quotient group whose order is twice the 
order of the commutator quotient group: viz, the quotient group (/) which 
corresponds to an invariant subgroup of G which is composed of half its com- 
mutator subgroup. From the fact that the commutator quotient group is the 
largest possible abelian quotient group, it follows that 7 is non-abelian. It 
results from the given isomorphism that the commutator subgroup of J is of 
order 2, and that the operator of order 2 in this commutator subgroup is the 
square of every operator of order 4 contained in 7. Moreover, over half the 
operators of J are of order 2 since G has this property. As J is of funda- 
mental importance in what follows we proceed to determine some of its other 
properties. 

2. The quotient group /. Since the commutator subgroup of J is 
cyclic its group of cogredient isomorphisms is of order 2?".¢ Let 4, be any 
non-invariant operator of order 2 contained in 7. The subgroup (/,) of / 
which is composed of all the operators of J which are commutative with ¢, is 
of order 2!—~1!, 2! being the order of /. It is clear that the order of the group 


of cogredient isomorphisins of /, cannot exceed 27." —", since J, contains more 


invariant operators than / does and is of a lower order than J. It will soon 
* This result is true for every possible group in which more than half the operators are of 


order 2. 


+ Fite. Transactions of the American Mathematical Society, vol. 3 (1902), p. 342. 
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appear that this group of cogredient isomorphisms is exactly of order 2%"—), 
Just half the operators of J— J, are of order 2, the remaining operators being 
of order 4. This follows directly from the fact that the product of ¢, into any 
operator of order 2 in / — J, is of order 4, while the product of ¢, into any 
operator of order 4 in J — J, is of order 2. 

If Z, is abelian it is of type (1, 1, 1, ---), since it is generated by its 
operators of order 2. If it is not abelian it contains a non-invariant operator 
(¢,) of order 2. The subgroup of Z, which is composed of all its operators 
which are commutative with ¢, is of order 2!~? and the order of its group 
of cogredient isomorphisms cannot exceed .22"—%, Continuing this process 
we arrive at an abelian subgroup of type (1, 1, 1, ---) which includes 4. 
This subgroup is invariant since it includes the commutator subgroup of J.* 
Its order is at least 2!~-". 

The order of this abelian subgroup of / cannot exceed 2!—" as may be 
readily seen by reversing the operations of the preceding paragraph. That is, 
at least half of its operators are invariant in any subgroup of J of double its 
order in which it may be included. At least one-fourth of its operators are 
invariant in the subgroup of double the order of the last subgroup and includ- 
ing this subgroup, ete. Hence we have the important theorem: Every non- 
invariant operator of order 2 contained in [is contained in an abelian subgroup 
of order 2'~" and of type (1, 1,1, +++) but in no larger abelian subgroup 
of I. 

All the invariant operators of / (besides the identity) are of order 2 and 
generate a subgroup of order 2'". Hence the non-invariant operators of 
order 2 may be united into distinct sets of (2"— 1)2'-*" such that all the 
operators of a set are conmutative. It follows from the fact that just half the 
operators of 7 — /, are of order 2, that the number of operators whose orders 


an 
J nm Bock eo ot I »/ 
{ x yut1 77 ~~ gn+l ies 


This proves that there are groups in which the number of operators whose 
Qn] 


ntl 


exceed 2 in / is 


orders exceed 2 is obtained by multiplying the order of the group by 
n being any positive integer. 


*tBulletin of the American Mathematical Society, vol. 11 (1905), p. 367. 
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3. Number of operators whose orders exceed 2 contained 
in G. The only conditions which G is supposed to satisfy are that its order 
is 2” and that more than half its operators are of order 2. The object is to 
prove that the number of operators whose orders exceed 2 contained in G can 
always be obtained by multiplying its order bya fraction which is of the form 


eatimdalicvenys ~ pe By eee ni Wtegemnp faert 
SS , eS yee a 


i ie en ak 4 oes ane 


ze] 


—ar 





PN at aod 
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For instance, if more than one-fourth of the operators of G have orders which 
exceed 2, then it follows that at least three-eighths of its operators have this 
property ; if more than three-eighths have this property, it follows that at 
least seven-sixteenths have the same property ; etc. 

From the preceding section it follows that the theorem in question re- 


quires no proof if all the operators of G which correspond to the identity or 
to operators of order 2 in J are either the identity-or of order 2. Let H be 
the subgroup of G which corresponds to 4, in J. Since the order of // is less 
than the order of G and since // satisfies the conditions which G is supposed 
to satisfy we shall assume that the theorem in question is true with respect to 
HT; that is, the number of operators in // whose orders exceed 2 is 


eet 


q 


22 | 
oeFT h, 
h being the order of //. From the preceding section it follows that a > x — 2, 
since the group of cogredient isomorphisms of J, is of order 2%"-) and the 
relative number of operators whose orders exceed 2 must be at least as large 
in Has in f. 

The theorem in question is easily seen to be true whenever all the opera- 
tors of G which correspond to operators of order 2 in J — J, are also of order 
2: for 
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q being the order of G, and 





2+ — | g ti} 
Qa+? J+ 4 = gat? qd; 


which is of the required form. Moreover, if there is one operator whose 
order exceeds 2 in G among those which correspond to operators of order 2 








eo 
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in J — 4, the number of the operators of G which have this property cannot 
be less than 2"—"-*, This important theorem may be proved as follows: The 
corresponding operator in J— J, is contained in an abelian group of type 
(1, 1, 1, -- -) and of order 2'-". To this abelian subgroup there corresponds 
in Ga subgroup of order 2™—". The number of the operators of this sub- 
group which correspond to operators of order 2 in J— J, is 2™-"—, At least 
one-fourth of these are of orders which exceed 2 ;* i. e. the number of these 
operators is at least 2"—*—%, 

It is now easy to see that a <n + 1 whenever operators whose orders 
exceed 2 correspond to operators of order 2 in J— J. In fact, if a=n+1 
the number of operators whose orders exceed 2 in // would be 


Qn+l_ ] 
puts q, 


and the total number of such operators in G would be at least 


2"+i_ } 1 1 7] 
( pu+3 + put+3 ? i)? - 2° 


which is contrary to the hypothesis that more than half the operators of G are 
of order 2. It remains therefore only to consider the cases when a =n —1orn. 

When a = x —1, all the operators whose orders exceed 2 in // correspond 
to operators of order 4 in J. If any Sperators whose orders exceed 2 cor- 
respond to operators of order 2 in J — J, we may use a different // such that 
a is not less than n. Hence the only case which requires further considera- 
tion is when a = 2 and when there are also operators whose orders exceed 2 
corresponding to operators of order 2 in J— 7. Let A represent the abelian 
subgroup of order 2'-" which contains such an operator of order 2 in J — fh, 





and let the corresponding subgroup of G be A’. 
If the part of A’ which corresponds to operators of /, contained no oper- 
» 


ators of order 2, at least 2"-"~* of the operators of G would correspond to 
operators of order 2 in J— 4. This is impossible since 


Qn 1 1 " 1 _g 
(a + putz ~ i)9=5- 


* This follows from the theorem that an operator must transform every operator of a group 
into its inverse if it transforms more than three-fourths of its operators into their inverses. 
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Moreover, not more than one-fourth of the operators of A which correspond 
to operators of J, can be of orders larger than 2, since the number of opera- 
tors of #7 which have this property is only 


pn 
aes h. 
Not more than one-fourth of the operators of AT’ could be of orders which 
exceed 2, for if three-eighths of its operators had this property it would again 
follow that half the operators of G would have the same property. 

As just one-fourth of the operators of A’ which correspond to operators 
of order 2 in J — J, are of orders which exceed 2, the number of operators in 
(, which have this property is 


Qn | l 1 pats. | e 
( pu+2 . pn +3 r i)! 7 pn +3 - 


This completes the proot of the theorem in question and furnishes a funda- 
mental theorem relating to groups of order 2". 


STANFORD UNIVERSITY. 











A GEOMETRICAL PROBLEM CONNECTED WITH THE 


CONTINUATION OF A POWER-SERIES 








By H. Mascuke 


GIVEN a power-series /? (x) with only one singular point A on the cir- 
cumference of its circle of convergence. 

Denote this circle by Cj, its center by .W. 

Let us suppose that all the other singular points of the analytic function 
defined by the element /?(x) are so situated as not to interfere with the con- 
tinuations of (x2) which are to be considered. 

The following purely geometrical question arises: //ow are the interme- 
diate circles to be chosen in order to arrive again ata circle with center M, by 
a minimum number of continuations around the point A? 

To answer this question we consider the total area covered by all direct 
(first) continuations of (2). The boundary of this area is the envelope of 
the circles passing through A whose centers lie on the circumference of C\. 
This envelope is a cardioid C,. The boundary of the area covered by all the 
second continuations is the envelope C; of all circles through A whose centers 
lie on C,. Continuing this process, we obtain a series of curves C., Cy, - + -, 
{',, where C,, is the boundary of the area covered by all (n — 1)st con- 
tinuations. 

Counting radii vectores p from A and polar angles @ from A.W, and 
taking the radius AM = 1, the equations of the successive curves appear in 
(61) 
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the following simple form : 
C, (given circle) : p = 2 cos @; 


4 cos?(4 0) ; 


C’, (eardioid ) : p 


(’, (sine-spiral) :  p = 2" cos"(+ 6). 








These curves are so-called sine-spirals.* With regard to the curves C 


n 
the following theorem can easily be proved : 
Define a series of points P,, P,, +--+, P,, +++, where P, lies arbitrarily 


on (,, and where every P is that point on (',, (forn = 1, 2, 3,---y 
1 : n+1 } 1 


* Compare Scheffers’ article in the Encyklopadie der mathematischen Wissenschaften, vol. 
mi, 14, §§21-24. 
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in which C,, , , is touched by the circle with center ?,, and radius P,A. Then 
for the polar coordinates p, and @, of /’, the following relations hold : 


Pr = Pis 6, —_ nj. 


Choosing p,; = 1, we have 6, = 7/3 and every p, = 1. Hence, a circle with 
radius 1 about A meets Ci, Cy, ---, Cy in six points which form a regular 
hexagon. The curve C;, passes, therefore, through WW. 

Sir continuations at least are then required in order that the center M 
shall lie inside of the last one, and seven continuations at least are necessary to 
reach a circle with M as center. 

In order that the sixth continuation shall contain the center M it is ne- 
cessary that the centers of two consecutive continuations be always separated 
by one of the curves (’,. 

In the adjoining figure the curves (’, are drawn only so far as is required 
for continuations around A in the positive sense (counter-clockwise), and 
only that part of them is shown in the figure which lies in a circle with radius 
1 about the singular point A as center. 

Denote now the center of the nx continuation by 7’. If we wish 7° to 
coincide with VM, 7, must lie below the straight line Z, bisecting .1.V and 
perpendicular to it (see diagram). This defines for 7; also a certain limiting 
curve L,, the locus of the centers of circles passing through A and touching 
L,. Likewise we obtain for 7;, 7;, 72, 7; the limiting curves L,;, Ly, Ls. 
L, respectively. 

The equations of these curves are : 


: : l 
1, (straight line) : he 2 cos 6; 


1 
LL, (parabola) : z = 4 cos?($ 0); 
L,, (sine-spiral) : ; =.2" cos"(+ @). 


These curves L,, 

Every L,, (for n = 1, 2, ---, 6) touches the corresponding (,_,, (where 
C, = C,) on the unit-circle around A. 

Hence, in our diagram, for continuations around A in the positive sense, 
none of the centers 7’ must lie in the unshaded region of the circle with 
center A. 


are again sine-spirals. 
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Thus we have reached the following result : 

In order that the center T-; of the seventh continuation shall coincide with 
M it ts necessary and sufficient that the center of the first continuation 7, ( for 
continuations around A in the positive sense) lie in the circle C, on the right 
side of Ly (compare diagram), and that the centers T,, of any tivo consecutive 


continuations be separated not only by a curve CO, but also by a curve L. 


UNIVERSITY OF CHICAGO, 
OCTOBER, 1905. 





















ON THE DETERMINATION OF A CATENARY WITH GIVEN 
DIRECTRIX AND PASSING THROUGH TWO GIVEN POINTS 


By Harris F. MacNetsu 


1. The problem of determining a catenary with given directrix and 
passing through two given points, which plays an important part in the prob- 
lem of the surface of revolution of minimum area, has been studied by :— 


F.N. Goldschmidt, Géttingen Prize Essay, 1831 ; 

L. L. Lindeléf-Moigno, Calcul des variations, 1861, no. 103 ; 

J. Dienger, Grundriss der Variationsrechnung, 1867, pp. 15-19; 

I. Todhunter, Researches in the Calculus of Variations, 1871, pp. 60-67 ; 

H. A. Schwarz, Lectures on the Calculus of Variations, Summer 1892 
(unpublished ) ; for Schwarz’s solution see 

Harris Hancock, “On the number of catenaries through two points,” 
ANNALS OF MaTHEmaTICs, ser. 1, vol. 10 (1896), pp. 159-174, and Lectures 
on the Calculus of Variations, 1904, chapter m1. 


If we take the given directrix for the x-axis and denote the coordinates of 
the two given points A and B by (x9, yo) and (2x, ¥,) respectively, the re- 
quired catenary may be written : * 


/ 


meal (1) 


’ 
m 





y= m ch 


where x, m are the constants of integration to be determined by the initial 
conditions expressed by the two equations 


’ 
Ly — Xo 


: (2) 


Yo = mech 





m 


and 
XL, — X% 


y= mech (3) 





m 








* We use Laisant’s notation ch, sh, and coth, for hyperbolic cosine, hyperbolic sine, and 
hyperbolic cotangent. 
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The problem is evidently possible only if A and Bare on the same side 
of the x-axis; we therefore suppose yp > 0, y, > 0. We may further suppose 
without loss of generality that 2) < x. 

The following is the result given by Schwarz: 

There exists one and but one quantity ~ which satisfies the equation * 


YB 14 Yok 
VA-K yn 


o(u) = “he (2, — Xp) = 9, (4) 


and which lies between the values 0 and the smaller of the two quantities 
yo and y,.t If now we form with this quantity « the expression 


: ! - page . 
: “ mn Mu 


we have the following three cases : 


(1) fi (u#) <0: no real catenary; 
(Il) fo (wu) =0: one real catenary ; 


(IIL) f (#) > 0: tivo real catenaries. 


Moreover in Case II uw is the value of ~™ for the unique catenary through the 
points A and B. 


2. We now consider one of the two given points, say A, as fixed and 
propose to determine the curve upon which the point 2 must lie in order that 
there shall be but one catenary. 

If the point A is fixed, it is evident that the curve upon which /? must 
lie can be determined from equations (4) and fA (uw) = 0 by eliminating w and 
considering ,,¥, as the running coordinates of the curve. 


* All square root signs are to be taken as positive. 


+ Schwarz’s results are obtained on the assumption that y, = y,. By the substitution 


y= — 7); Zi =—2 
yr=yi yn=y 

_— ys ’ 
mm = MW: Ba=—s 


the results can be shown to hold for y: < yo. 
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The curve can, however, be obtained more easily by introducing two 
quantities uy and u, * determined by the relations 
Yo=F ch Uo, 
y= PK ch wy, (5) 
uy <9, u> O90. 


These conditions determine wu, and u, uniquely. 
From equations (4) and (5), 


wehu, pchuy 
shu, “ shu | aes. (7) 


With regard to the sign of the second term notice that sh wu = — (Vy — w?) /u, 
since u, and therefore sh uv, is negative. 
Equation (7) reduces to 


ty — 2 
coth u, — coth uy = *— , (8) 


and the equation f, («) = 0 becomes 


x — XL 


log(ch u, + sh u,) + log (ch Uy — sh Un) _ y 
m 
rr, — 
or he a Gigi element 9) 
mM 


Now from (5), # = yo/ch up, whence from (9), 


‘ Yo(% — Uo) 





r= % - Wo (10) 
Also from (5), 
ional ch uy, 11 
A= Yon i” (=) 
and from (8) and (%),f 


coth uy — Up = coth u, — uy. 


(12) 


* The quantities u, and u, have a simple geometric meaning. By reference to equations 
’ ’ 

+ Mi X : s 

os : “ for the unique catenary passing 

“ 


(2) and (3) it is seen that u, = and u, = 


through the points A and B. . 

+ Since equation (12) is the same as the equation for the determination of the conjugate 
points (see Bolza, Calculus of Variations, p. 64), our curve is identical with the envelope of the 
set of catenaries through A. 
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These equations (10), (11), (12) give us the required curve in parameter 
representation. 


3. To determine the graph from these equations, we may choose either 
Uy OF u;, as the independent parameter, but it is more symmetrical to introduce 
a third parameter ¢ determined by the relation 


coth uy — v% =coth u,; — u, =. (13) 


Then corresponding values of u, and ug are obtained from the two branches of 
the graph of the equation 


t= coth u — u,* 


since from (5) u, < O and u, > 0. 


7 
t 
‘ ' | 
\ | \ 
\ | \ 
\ | 
aN <I 
\ { 
SH 





Fic. 3 


From the left branch are obtained the values of uo, from the right branch 
the corresponding values of ™,, for a given value of ¢. 


Let us now consider the derivatives os and , 
at 
‘ dt 
From (13) ;— = — coth*w,, 
du, 
dt 
and _** coth*uy ; 














SS ——— — * 
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then from (10) and (11) 


dx, —— sh*u, ch*x, — sh*u, ch*u, 





dt = 4° ~~chu, ch?u, chu,” 
and dy, - sh*uy chu, — sh*u, ch¥uy 
dt ch?u, chu, 
Since u<0 and wu, >0, 
a <0 and dy < 0, 


dt dt 


and as ¢ goes from — © to + ©, x, goesfrom « to x and y, goes from to 
0; we can therefore introduce x, as independent variable. 


° dy, _ i 
Then > = sh uj, 


so that the slope of the curve is always positive, since u, is positive. 


When - = 0, u,= 0, and hence up = — «, from equation (13). 
1 


Py, _ 
dx 


duj du, dt 


Now ch u : —_ 


_ ch u, sh®u, chtu, 
~ sh'v, chu, — sh3uy ch3u, ” 


d*y, . _ : - . 
hence “7 js positive, since shu,, ch u,, and cht are always positive and sh uy 


dx, 
is always negative. Therefore the curve is convex towards the x-axis. Now 
in equations (10), (11), (12) we can always make a similarity transforma- 
tion to make x = 0, ¥» = 1. For these values of x, yo the following table 
has been computed : 





* This is the same as the slope of the tangent to the catenary, which verifies the state- 
ment that our curve is the envelope of the set of catenaries. 
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7 t My xy yy 
0.00 | x —x 0.00 0.00 
0.25 | 3.83 —4.84 0.08 0.02 
0.50 | 1.66 2.67 0.45 0.16 
0.75 | 0.82 —1.87 0.79 0.39 
1.00 0.31 —1.42 1.11 0.70 
1.20 | 0.00 -1.20 1.33 1.00 
1.50 | —0.39 —0.93 1.66 1.61 
2.00 —0.96 —0.69 2.16 3.02 
2.50 —1.49 —0.53 2.65 5.36 
3.00 | —1.99 0.43 3.14 9.20 
3.50 | —2.50 —0.35 3.63 15.61 
4.00 -3.00 —0.30 4.11 26.13 

x | —20 0.00 x - 











We then obtain the graph shown in Figure 2. The symmetrical branch 
to the left of « = x, corresponds to the case when x, < Zp. 


R 


Fic. 2. 


As has been shown in §2 our curve can be represented in the form 
Y= (2); 
and as x increases from — x to+ «”, y decreases from + » to 0 and then 
increases from 0 to + x. Hence our curve divides the first quadrant into 
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two regions, /, and F2,,, the first above, the second below the curve. In 
h,,y > (x); and in Ry, y< (x). We shall prove that f, (u) > 0 
throughout 7,, and that 4, («) < 0 throughout /,. 

For, from the theorem on implicit functions, it follows that the implicit 
function w = mw (x, y,) defined by equation (4) is continuous in the first 
quadrant, and therefore the function F(x, y,) =f, [# (%. ¥)] is also con- 
tinuous. But /'(x,, ¥,) = 0 is by definition the equation of the curve (10), 
(11). Hence F(x, y,) must have a constant sign throughout F,, and a con- 
stant sign throughout /?,,._ In order to determine these signs, it is therefore 
sufficient to determine them for one point of 22, and for one point ot Ry. For 
this purpose we give y, the value y, =y); equation (4) then reduces to 

2YoH 
VY = pe 





= — Ly, 


(1 — %0) Yo _ 


or = . 
V(%1 — %)? + 4y6 





Hence lim »=0 and lim < het. 


Zz, = 7 z= 2 U 


2. 


Therefore lim So(w) = + ®, 


%,=2 


so that f,(u)>9 forthe point 2,=2), y, = y of the region R,. 





Again, lim = Yo- 
Therefore lim ii(e) =-— ®, 


so that f,(4) <0 forthe point 2,= 2, ¥,= Y% of the region Ry. 


This proves the above statement, and we obtain therefore the result : 

1) From the point A to any point of R, two catenaries can be drawn 
with the x-axis as directrix. 

2) From the point A to any point of the curve F only one catenary can 
be drawn with the x-axis as directrix. 

3) From the point A to any point of the region R,, no catenary can be 
drawn with the x-axis as directrix. 
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CONCERNING THE DISCONTINUOUS SOLUTION IN THE PROBLEM 
OF THE MINIMUM SURFACE OF REVOLUTION 


By Harris F. MacNEIsH 


1. In the problem of minimizing the integral 


te 
J= | yyx? + y”? dt, 


where the admissible curves are all “ordinary” * curves which can be drawn in 
the upper half plane (y = 0) from the given point A to the given point B, 
Euler’s differential equation has two solutions : 


(1) the catenaries 
/ 


ext; y=mch-—_™, (1) 


m 





(2) the straight lines 
e=ae; youl. (2) 


The latter solution leads to the well-known “discontinuous solution ” of 
the problem, first noticed by Goldschmidt,t+ which consists (see Figure 3) of 





Fig. 8. 


the perpendicular AC’ to the x-axis, the segment CD of the z-axis, and the 
perpendicular DB. 





* In the terminology of Bolza, Lectures on the Calculus of Variations, p. 117. 
+ Gottingen Prize Essay, 1831. 


(72) 
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The segment CD is not itself an extremal but it satisfies the boundary 
conditions for a minimum arising from the first variation (see Bolza, Lectures 
on the Calculus of Variations, p. 153). 

Todhunter* has given a simple geometrical sufficiency proof that 
Lacpos < ax for every admisstble curve AB =€ whose length is greater 
than | AC| + | DB| (see Figure 3). 

We now consider a catenary of the system (1) passing through the point 
A (29, Yo), namely : 


x 
Y = Mm ch = 9 (3) 
where 





(4) 


and take on this catenary the point 5 (x, y;)-. 

We propose to compare the areas of the surfaces of revolution generated 
by the are AB of the catenary on the one hand and by the discontinuous solu- 
tion ACDB on the other hand. 

The value of the latter is 


’ / 
Xo — X y—2 
0 = 7 ope M1 — 70 
m 





Sp=tr(yr+yi)=r mi cht 


and the value of the former 


™m 2( x, — «4 2(X — 2%) 
SS, = 3° 127 %) + msh a —m a , 


If we introduce the abbreviations 


’ 
Uo —_— —», Uy = om 
Mm 7 








(5) 


we obtain for the difference 
Sp — So = rm? }(2uy + sh 2uy + 2 ch?uy) — (2u, + sh2u, — 2 ch*y) { 
= mm }(2u9 + 1 + e™) — (2m, — 1 —e~™){. 


As the point B moves along the catenary in the direction of the increasing 


* Todhunter, Researches on the Calculus of Variations, §§64, 65 
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xz, the quantities m, x), 2}, and therefore also uo, remain constant, while u, in- 
creases. We therefore consider the function 

@ (u,) = 2u, — 1 — e~™, 
whence pg’ (u,) = 2(1 + e-™) > 0. 

Then ¢ (w,) increases with u, and therefore Sp) — S¢ decreases with u,. 
When B coincides with A, vu, = wp and Sp — So = 4m? chtuy > 0; as 2, 
and therefore wu, approaches + <, Sp — Sc approaches —x. Hence there 
exists one and but one value of u, for which Sp) — So = 0; that is: 


There exists one and but one point A" on the catenary for which the dis- 
continuous solution has the same value as the catenary solution, i. e. for which 


2u) + 1 + e'¥e = Qu, — 1 — e~ ™, (6) 
If B lies between A and A”, the catenary solution has a smaller value 
than the discontinuous solution, while if B lies beyond A”, the discontinuous 
solution has the smaller value. 
The point A” always lies between A and its conjugate A’; for by Lin- 
delofs theorem® at the point A’ (see Figure 4) 














Fic. 4. 


the area (4A’)+ is equal to the area generated by the two tangents A7 and 
A'T which moreover intersect on the z-axis. But the area (ACD'A’) is less 
than the area (A7A’), and therefore also less than the area (AA‘). Hence 
according to the above result the point A’ must lie beyond A”. 


2. Ifweconstruct the point A” for every catenary of the set (1) through 
the point A, the points A” describe a curve which we propose to study in 
this section. 


* Hancock, ‘‘ On the number of catenaries that may be drawn through two given points,” 
ANNALS OF MATHEMATICS, ser. 1, vol 10, p. 159, §16; also Calculus of Variations, chapter m1. 
+I. e, the area generated by the arc AA’. 
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The coordinates of the point A” for a given catenary are determined by 
the equations 


u,—U 
X= % + Yo Ts (7) 
0 
ch u, 
n= Yo nu’ : (8) 


when wu, and u, are connected by the relation 
2ug + 1 + e?™ = Qu, — 1 — e~ ™, (9) 


Hence we obtain the required locus if we eliminate uy from the equations 
(7),(8), (9) or else express up, u, in terms of a variable ¢. It is convenient 
to choose for ¢ the common value of the two sides of equation (9) : 


¢=2u,+1+e= 2u, —1—e-™, (10) 


We shall now consider the two curves in the u-t plane represented by 
equation (10). In the first place, 


dt 
— = 2(1 + emo 0; 
duy tale a 
therefore ¢ increases with u,. Secondly, (11) 
d*t 
———._ <= 4e?"0 > 0; 
du’, 
therefore the curve is convex to the up-axis. Again, (12) 
dt 
— =f 1 es) > 0; 
du, ail ) 
therefore ¢ increases with u,. Finally, (13) 
it 
= —~=— 4 < 0; 
dui 
therefore the curve is concave to the u,-axis. (14) 


Since both functions increase with uo, u, respectively, it follows that uo 
and u, are single valued functions of ¢. In order to obtain corresponding values 
of u, and «, we construct the two graphs upon the same set of axes from the 


following table : 
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TABLE I 
Up t Uy t 
00 2.00 .00 —2.00 
.20 2.89 .20 —1.27 
40 4.03 .40 —0.65 
.60 5.52 .60 —0.10 
.80 7.55 .80 +0.40 
1.00 10.39 1.00 +0.86 
1.50 1.95 
2% x 2.00 2.98 
20 1.27 2.50 3.99 
—.40 0.65 3.00 4.99 
—.6U 0.10 asymptotic to line 
—.80 —0.40 t= 2u,—1 
—1.00 -0.86 for positive values of u, 
—1.50 —1.95 _ 290. 2.89 
<a —2.98 ~.40 ~4.03 
asymptotic to straight ~0.60 -5.52 
line (=2u, + 1 0.80 -7.58 
for negative values of Mo —1.00 —10.39 
— = x 














First, 


The left branch is the curve ¢ = 2u) + 1 +e, while the right branch is 
the curve ¢ = 2u, — 1 — e~%, 
We next compute the derivatives dz,/dt and dy,/dt by means of equations 
(7), (8), (10), (12), and (14). 


(See Figure 5.) 
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du, du, du, 
de, ch uy -—= a iin (u, — midi sh U—-— vied. 
-. Fe (15) 


ch? uw) sh w4(ch u, + sh u,) — ch? v1, sh up(ch ug — sh up) 16 
4ch wu, ch® ue(ch wu, + sh uw) aa 











= Yo 


ch? u sh? uw, + ch? uw, sh? vw + ch uch vs sh(u — Mo) 
4 ch u, ch® up(ch uw, + sh u;) 


= Yo 





(17) 


Here the hyperbolic cosine is always positive, y) is positive, and 





U, and U, 








Fig. 5. 


u, — Up= § (2 + e&™ + e~™ ) > U from (9) ; therefore dz,/dt is positive, and 
¢ increases with x,. Again, 


du, duy 
dy, _ ch up sh uy, —= ch uw, sh uy = 


“J 18 
dt = Ho . ch? uy Sas 





ch? up sh wy (ch uy, + sh w,) — ch? w sh uo(ch up — sh up) 


= Yo Tehw, ch¥umy — 


Se. ah? 3%, sh* - 
—" ch’ Up sh* uy + ch ch? ws h? vw + ch w ch uy sh( uy, uo) (20) 





4ch u, ch* uy 
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Therefore ~ > ©, and ¢ increases with y,. Then from (17) and (20), 


dy) 


ia = chu, + shu, = e” > 0, | (21) 


and y, increases with z,. Further, 





day, du, du, dt 
—_—_—- = . —_— = a fre “22 - 92 
aa ~~ az, dt ° dz, - 
du dt 

% > 0, _>0f 3), and — ; 

where e“ > 0, ar >« from (13), and =? 0 from (17) 
Therefore a > 0 and the curve represented by equations (7), (8), (9) 

1 


is convex to the x-axis. 

As ¢ increases from — x to + «, 2, and y, both increase continually ; 
as ¢ approaches — », i. e. as uy and w, (see table I) approach — x, x, and y, 
approach zero. This is proved as follows : 





a et ee ee 
: ° “ch up v0 eto + eM 
e— (2u; — to) (2e7" + ero + 2u, + 1) - 
a) aaa ——a. °° (23) 
Now up — u, = —$(2 + e + e-*"), from (9); therefore 
Ug — 2U, = — §(2 + C7 + Zu, + e~™), 
Again, 
1 + 2u, e™ 
which approaches + x as u, approaches — x, since 2u,e™ approaches 0. 
1 1 Ppp 


Therefore u, — 2u, approaches — x as u, and wu, approach — 2. Then from 
equation (23), x, approaches 0 as u, and uy approach — x. 


ch Uy e” + es 
Moreover, ¥; = /y = to —————— 
; Chitty ~ eM 4+ e—™ 





e-("%— Me) (em 4 1) 


= Yo em 4 ] 
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Therefore y, approaches 0 as u, and u, approach — x, since 
U,— UW = 4 (2 4 eto + ene) 


approaches + «. Therefore the graph of our curve starts at the origin. 
Similarly, as ¢ approaches + «, i.e. as u, and uw, approach + « (see 
table 1), x, and y, approach + «; for, 
uU; — UW (2 a ero + e-*") Qe + eM 4 e—2u, — 4, 
—_— - 


Zz = 8 -- = —_—-- — =YV — - 
1= Yo ch Uy Yo ev 4 eM ad 1 + e-2% ’ 





so that x, approaches + 2» as u, and uw, approach + «; 


e% 4+ e-% em —“% 4 et — Mo 


and 2. Cieieee 0 tid 
Nn Yo e” 4+ e-% Yo 1 + «2% 





, 


which approaches + 2 as u, and us approach + 2», since u, — uy approaches + 2. 

Taking corresponding values of ug and u, from the graph given in Figure 
5 we obtain the following table of corresponding values of x, and y,, for 
% = Oand y = 1. 





TABLE II 

uy, t Uy ry Uh 
—x% —x —K .00 .00 
—1.00 —10.39 —5.14 05 .02 
.00 —2.00 —1.55 .63 41 
50 —0.36 | —0.80 97 .B4 
1.00 +0.86 -0.33 1.26 1.46 
1.50 1.88 —0.04 1.54 2.395 
2.00 2.90 +0.21 1.75 3.68 
2.50 3.91 0.39 1.96 5.69 
3.00 4.93 0.55 2.12 8.66 

x | x x x x 











With the aid of this table we construct the graph { determined by equa- 
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tions (7), (8), (9), and on the same figure we draw the curve F given in 
Figure 2 of the preceding paper. 


Fy, 


/ tl 














FIG. 6. 

From our results in the two papers we know that from the point A to 
points of regions I and IJ two catenaries can be drawn with the z-axis as 
directrix ; of these the upper one furnishes a relative minimum in the problem 
of the minimum surface of revolution ;* to points of curve F one catenarv can 
be drawn, and to points of region III no catenaries can be drawn. 

Then considering the two solutions of the problem of the minimum sur- 
face of revolution ; i. e. the catenary solution and the discontinuous solution, 
we can conclude as follows: 

1) Intheregion I both the catenary solution and the discontinuous solution 
give a relative minimum, and the surface of the catenary is the 
smaller. 

2) For points along the curve € both solutions give a relative minimum 
and the surfaces are equal. 

3) In the region II both solutions give a relative minimum and the dis- 
continuous solution is the smaller. 

4) Along the curve F the catenary solution does not furnish a minimum, t 
so that the discontinuous solution is the only solution. 

5) In the region III the discontinuous solution is the only solution. 


*Todhunter, Researches in the Calculus of Variations, p. 57; Hancock, Calculus of 
Variations, chapters 1 and 11. 

+ Lindelof’s Theorem; see Hancock, ** On the number of catenaries which may be drawn 
through two fixed points,” ANNALS OF MATHEMATICS, ser. 1, vol. 10, p. 149, or Calenlus of 
* Variations,“ chapter 11. 
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INTRODUCTION TO THE THEORY OF FOURIER’S SERIES 


By Maxtme BocuEerR 


THE theory of Fourier’s series, so interesting in itself and so important 
in its countless applications in pure and in applied mathematics, is treated at 
more or less length in almost all treatises on higher analysis. The problem 
mainly considered, and frequently considered to the exclusion of all others, 
is that of developing a given function in a Fourier’s series and proving that, 
if the function is subjected to suitable restrictions, this development will ac- 
tually converge to the value of the function. While this problem is funda- 
mental, there are many other important questions connected with this subject. 
In the present treatment I have established the possibility of developing func- 
tions in Fourier’s series by two different methods, the first (§§1-7) being built 
up around a central idea due to Poisson, while the second (§§11—13) is a modi- 
fication of Dirichlet’s classic proof. If the reader wishes to see how brief the 
treatment of this central problem can be made, he is advised to turn at once to 
§§11-12 which are entirely independent of the preceding sections. Around 
this question of developability I have grouped numerous other questions of 
greater or less importance in the theory, including references, at least, to some 
of the most recent contributions to the subject. I hope thus to have made it 
possible for readers to pursue the study of the subject further in such direc- 
tions as they may select. In particular I should like to call attention to the 
elaboration contained in §9 of an interes ing remark of Willard Gibbs con- 
cerning the nature of the convergence of a Fourier’s series in the neighbor- 
hood of a point of discontinuity. 

A side of the subject into which I have not gone to any extent is the 
question of obtaining extremely broad classes of functions whose Fourier’s de- 
velopments converge. In particular, with the exception of a few foot-notes in 
which the possibility of further extension is pointed out, I have restricted 
myself to the case, which alone occurs in the great majority of applications, in 
which the function to be developed has only a finite number of discontinuities. 

It is useless to try to gain any real mastery of almost any part of higher 
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analysis without a firm grasp of the idea of uniform convergence of series,° 
and I have assumed familiarity with this idea and with the three or four 
tundamental theorems involved, on the part of the reader. Apart from this 
no knowledge beyond the elements of the calculus has been, in the main, as- 
sumed. Some readers, however, will find it desirable, at least on a first 
reading, to pass over a few of the more difficult formal proofs. 

For a comprehensive account of the historical development of this and 
allied subjects the reader is referred to the monograph by H. Burkhardt: 
Entwicklungen nach oscillirenden Functionen, which is now in course of pub 
lication by the German Mathematical Society. 


1. The Approximate Representation of a Function by Means 
of a Finite Trigonometric Series. Fourier’s Constants, A finite 
series of the form: 

n=k 
(1) S,.(2) = A+ = (A, cosnz + B, sinnz), 

n=!) 
where the A’s and #’s are supposed to be real constants, we will call a trigo- 
nometric series with / + 1 terms. 

It obviously represents a continuous periodic function of period 27, which 
will depend on the values we assign to the coeflicients A, and B,. Suppose 
now that we denote by f(x) any real continuous periodic function of period 
2m, and enquire: how must the coefficients of the finite trigonometric series 
S, (x2) be determined (the integer k being supposed given) so that it will give 
the best approximate representation of the function f(x)? In order that this 
question may have a precise meaning we must agree on some criterion accord- 
ing to which we shall decide which of two given functions gives the better ap- 
proximation to f(z). Let us write 


(x) = f(z) — S,(2). 


We may say roughly that the smaller the numerical values of P,(x) the better 
is the approximation S,(x). It is however clear that a change in the coeff- 
cients may decrease the numerical value of P,(x) at some points while it 
increases it at other points. We will adopt, for the moment, the standpoint of 


*Reference may be made to the first volumes of the treatises by Picard and Goursat. 
For a more elaborate discussion. which will be found very useful in clearing up the diffi- 
culties of the subject, see an article by Osgood, Bull. Amer. Math. Soc., vol. 3, p. 59; 1896. 
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the method of least squares and say that the smaller the value of the integral 


iin i P,(2) ae, 


the better is the approximation S,(z). Our problem then is to make this 
integral regarded as a function of the 2k + 1 coefficients (Ao, A,,--- A,; 


B,,--- B,) a minimum. For this purpose let us differentiate it partially 
with regard to the variables A, and B,. We have 








w 2 © ad 2 
(2) i, =| { 2) dz —2 S(2) S,(x) dx + [ } S, (©) dx ; 
accordingly, since ee) =cosnx and ee = sin nx, 


bed =-—2 " f(@) cos nxdx + af S,(x)cos nxdz, 





and 


be =—? f(x) sin nxdx + 2 | S,(x)sin nx dz. 


If we replace S,(x) here by its value, each of the integrals in which it occurs 
breaks up into a sum of 2k + 1 simple integrals of one or the other of the fol- 
lowing types, where p and q denote positive integers or zero : 


{ ‘a 7 

:. cos pedx = le ales [ sin prdx = 0; 
. cont _fe sin 2 pa * 

[i pax da =|; 4. ip |. 


[ sintpadx = [5 _ ey 
(3) <° —_—* wad ?P 


7 





x 
(pz): 
" 


[ sin px cosqedx = $ [ [ sinc + q)x+ sinyp — aye |ax = 0; 


[ cos px cosgxdx = 7 [ cos(p—a) + cos( p+ yt |dx=0 


(p#q)- 





—Fr 


[ sin px singxdx = ff [ cos p—g)2—cos(p + )z|dz=0 
\ —." 
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Using these values we find : 








P 
Cl, re 
<7 =—2] f(x)dx + 4rAy, 
cl, - : 
(4) < > ie 2 | I(x) cos nx dx + 271A, (n #0), 
cl, 7 ; ' ‘ 
| hae 2| f(x) sin nx dx + 27 B,. 
\ ny 


Equating these pariial derivatives to zero gives us necessary conditions for a 
minimum which completely determine the values of the A’s and B's. That this 
determination really makes /, a minimum we see at once by a glance at the 
second derivatives of this quantity with regard to the A’s and /’s obtained 
by differentiating (4). The values of the coefficients thus determined we call 
with Hurwitz the Fourter’s Constants of the function f(x), except that for the 
sake of greater uniformity in the formule we take as the first of these con- 
stants not Ay itself but 2Ay. Our result may be stated as follows: 

I. Uf f(x) is a periodic function of period 27, real and continuous for 
all real values of x, and if k is a given integer positive or zero, the finite trigo- 
nometric series with k + 1 terms 

n=k 
(5) S.(2) =4a + S*(a, cos nx + 6, sin nz) 


which gives the best approximate representation of this function in the sense of 


the theory of least squares, — ¢. e. which gives to the integral 
(6) in | i) ~ S,(2) ‘dx 


the smallest value, — is that in which the coefficients a, and bh, are the Fourier’s 
constants of f(x) : 


1 " 1 a 
=> — J ° } = = r)s i J ” 
(7) a, =— | f(z) cos nz dx, b, ; | F(z)sin nz dx 


*The application of the method of least squares to the determination of the coefficients of 
finite trigonometric series goes back to Bessel (cf. §10). The theorem here given may be re- 
garded as a limiting case of Bessel’s results, but was not explicitly stated by him. It was 
stated by Toepler, Wiener Anzeigen, vol. 13 (1876), p. 205. 
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Having thus determined the values of the coefficients which make the 
integral J, a minimum, we can now easily determine the value of this mini- 
mum. The last two integrals which occur in formula (2) may be at once 
evaluated by means of formule (7) and (3). We thus find: 


” v 2 «a — 
f(z) S (2) dx = [| Sux) Vide =a [SF 4 Sak +) I]. 
be Ls head ala Ea 


Substituting these values in (2) we have the result : 
II. The minimum value of the integral I, is given by the formula 


2 nak 


Jy - ( ¥ ¥ a = » » * 
(3) /, =| 5 J (2) dz — ak + (a= + m) |. 
eas * ae 


By taking a larger and larger number of terms in our series (5) we shall 
get better and better approximations to our function f(x), as is seen either 
directly or by a glance at formula (8). The question thus naturally suggests 
itself whether the infinite trigonometric series 


n x 


(9) = 


4 


(a, cos nx +h, sin nx), 


n 
in which the coefficients are determined as the Fourier’s constants of f(x), 
may not give us, no longer an approximate, but a perfect representation of f(x). 
This is the fundamental question which lies at the foundation of the whole theory 
of Fourier’s series. Any series of the form (9), whatever its coeflicients may 
be, we will call a trigonometric series t+ while it is only when the coefficients 
of (9) are determined from some function /(x) by formule (7) that we speak 
of (9) as a Fourier’s Series, or more explicitlyas the Fourier’s development of 
J(x). In using these terms we do not. intend in any way to prejudice the 
question as to whether the series thus formed really represents the function 


* We note in passing that we find by exactly the same method that the best approxima- 
tion (understanding this term in the sense above adopted) to f(x) by a function of the form 
ky 
Z(a, cos nz + b, sin nx), where k; and k. are given positive integers, is obtained by taking 
k 
for the coefficients a, and b, the Fourier’s constants of J(£); and that if we denote by P(x) 
the difference between this function and f(z) we have 

ke 


S*) P(x) (*dx = f*,\ f(x) {2 dx — r= (a2 + b%). 





+ There are of course other forms of trigonometric series, but, since no others are to 
be considered in this article, no ambiguity will arise. 
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J(x) or even whether it converges. We shall however ultimately find that 
whenever the Fourier’s development converges it does represent the function 
f(x), and that, although there are cases where the series will diverge, these 
cases will not present themselves in any of the large classes of functions to 
which one ordinarily wishes to apply this method of development. 

We shall not attempt to use the method of least squares, which has led 
us naturally to the consideration of Fourier’s series, to treat the question of 
the convergence of these series.* There is, however, one inference which may 
be immediately drawn from formula (8) and which will prove useful to us 


later. Since by (6) J, cannot be negative, formula (8) shows us that 


~ a® ys -] f(x x. 

aT — ef An yh 

Accordingly if we allow 4 to become infinite, the series we obtain on the left 
must converge since its terms are all positive and the sum of its first n + 1 
terms does not become infinite with n.t Hence the following theorem : 

Ill. Jf a, and b, are the Fourier’s constants of any continuous periodic 
function f(x), both the series 

Za® , rb? 
l 1 
will converge, and therefore 
— a, = baeel b,, = 0. 

The foregoing results may be generalized if we note that the requirement 
we have so far made that f(x) be continuous is not necessary. This function 
may be allowed to have a finite number of discontinuities in the interval 
— 7 =x =7 provided it remains finite at these points, neither the statements 
nor the proofs of the theorems we have established being in any way moditied 


* An interesting attempt to do this was made by Harnack, Math. Ann., vol. 17 (1880), p. 
123. This paper however must be used with great caution. 


+t If we could show that /, approaches zero as k become infinite we should have es- 
tablished the formula 


a’ a 1 
0 s (a? hb?) =>- ff? } \? 
7 +2 a + Of) == SS, Hx) | %az. 


This formula, which Harnack attempted to prove, has recently been established by other methods; 


cf. §4, formula (25), of the present paper. The theorem of the text and its proof are due to 
Harnack. 
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by this generalization. In fact it is not necessary to require even that f(x) be 
finite at the points of discontinuity, but merely that } f(x) {*dx converge 
when extended over any finite interval. This last generalization, however, 
being of less importance to us, we note merely the following results : 

IV. Theorems 1, II, II still hold if the requirement that f(x) be every- 
where continuous be replaced by the requirement that it be finite and have in the 
interval — 7 Sx S 7 only a finite number of discontinuities.* 

We now state for future reference the following facts concerning: Fourier’s 
constants which follow immediately from their definition (7) .t 

V. If F(x) =f\(2) + f(x), each Fourier’s constant of F is the sum or 
difference of the corresponding Fourier’s constants of f, and fy. 

VI. Uf F(x) =cf(x), where c is a constant, each Fourier’s constant of 
F isc times the corresponding Fourier's constant of f. 

VIl. Jf F(x) =f(x — a) and ifa, and b,, are the Fourier’s constants of 

I(x), then the Fourier’s constants of i (x) will be 


A,, = 4,, cos na — 6, sin na, 
B,, = a,, sin na + 5, cos na. 


If in this last theorem (and a similar remark applies to the first two) we 
were to substitute in the Fourier’s development of f(x) the quantity x —a 
in place of x, we should obtain a new trigonometric series whose coefficients 
are precisely the quantities A,, B, last written. This, however, would not 
constitute a proof of VII for two reasons. First because we know nothing 
about the convergence of the Fourier’s expansion of f(), and secondly be- 
cause even if we did know that this expansion really converges and represents 
f(x) we should have no reason to feel sure that the expansion for F(x) ob- 
tained by the substitution is its Fourier’s expansion, and not some other tri- 
gonometric expansion of this function. 

Finally we come to the following theorem which is one of the oldest gen- 
eral theorems in the whole theory of trigonometric series, going back as it 
does well into the eighteenth century :} 


*Or more generally that it be finite and integrable in Riemann’s sense. 

¢+In all of these theorems we will assume, in order to ensure the existence of the 
Fourter’s constants, that f | f(z) | dz, or in V f | fi(z) | dz, converges when extended over 
any finite interval. 

tit was explicitly stated by Euler in a paper written in 1777. Cf. on this subject 
Burkhardt’s Bericht, p. 70. 








ee 


aa Rie TO 





Docodheat 


ieee es 





we “ta 

















88 BOCHER (January 


VIII. Ifa trigonometric series converges in such a way that after tt is 
multiplied by any continuous function we have a right to integrate it term by 
term, then this series is the Fourier’s development of the function which it rep- 
resents. 

It should be noticed that the conditions of this theorem are fulfilled if 
the trigonometric series converges uniformly for all values of x, and also in 
many cases of non-uniform convergence. 

To prove this theorem we write the series in the form (9) and call its 
value f(z). If we multiply first by cos nz and then by sin nx and integrate 
each time from — 7 to 7 we get, by using formule (3), 

|. f(x)cos ne dr = 3m a,, [ f(x) sin ne dx = 1 h,. 
Thus we see that a, and 4, are the Fourier’s constants of /(2) and the theorem 
is proved. 

2. Introduction of Convergence Factors. Since no complica- 
tions will be thereby introduced we will consider in this section functions of 
a somewhat more general character even than those referred to in theorem 
IV of the last section. We will denote the independent variable by ¢ and 
will let f(¢) be any real function with period 27° which in the interval 
—7 = ¢ =7 has at mosta finite number of discontinuities, these discontinuities 
being of such a nature that f|f(¢)|d¢ converges when extended over any 
portion of this interval. We thus admit the following kinds of discontinuity : 

(a) Finite jumps. The function f(@) is said to have a finite jump of 
magnitude D at the point ¢, if it is discontinuous at ¢, but approaches a finite 
limit which we will call f(¢, + 9) when ¢ approaches ¢, from above, and a 
finite limit which we will call f(¢, — 0) when ¢ approaches ¢, from below, 
and if f(¢) + 9) —f(¢) —0)= D. It should be understood that at the point do 
the function need not be defined at all, and if defined need not have either of the 
two values f(¢) + 0) or f(¢, —9).¢t In fact the notation here used, which is 
essentially that of Dirichlet, though convenient is somewhat misleading since 


* A function is said to have the period 2p if, ¢@ being any constant, the function is either 
not defined at either of the points ¢@) and ¢) + 2p, or is defined at both of them, and has 
the same value at both. 

+It of course cannot have both, since we suppose our function to be single valued 


wherever defined. 
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the quantities f(¢ + 0) are not the values which the function takes on at spe- 
cified points, but merely the limits approached by such values.* 

(6) Finite discontinuities. The point ¢, is said to be a finite discontin- 
uity of f if there exists a constant M such that throughout the neighborhood 
of dy we have | f(p)| < M. These finite discontinuities include the finite 
jumps mentioned above as a special case, but they also include such discontin- 
uities as the function sin(1/d) has at ¢ = 0. 

(c) Certain discontinuities where 7(p) does not remain finite, such for 
instance as the following functions have at the point ¢ = ¢y: 


1 sin[1/($ — ¢o)] | 


$— ¢, Vd — $o 





Vetn ( — $0) : 








or more generally any function of the form 


I(d) = (¢ — $o)* F(9), 


where 0 > a > — 1, and F(¢) remains finite at do. 
For functions of this sort the integrals which appear in the Fourier’s 
constants 


(10) a=) | Fb) cosngdg, b= |" F(4)sinnda 
evidently converge, and, if we introduce the positive constant 


2 wa 


J—F 


we have :t 


(11) a,| =M, |b,| =M (n= 0, 1, 2,---). 





* The case of a finite jump of magnitude zero deserves special mention. Here the 
function approaches a definite limit f(¢ +0) = f(¢o — 0) as ¢ approaches ¢ in any way. 
If f(¢0) were defined as this limiting value we should have no discontinuity at all. The dis- 
continuity is due either to a total lack of definition at gy, or to the fact that f(¢0) # S(¢o + 9). 
This is Riemann’s “ hebbare Unstetigkeit.” Cf. Pierpont, Functions of Real Variables, vol. 1, 
p. 212. 

t On account of the well known theorem : if Sai f(o)| dg converges, and| F(¢)| S| f(¢) | 


then Sf F(@) do converges, and | f° Fi¢)do| = S. | fo) | do. 
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These inequalities are far from being enough to enable us to establish 
the convergence of the Fourier’s series 


(12) 5 + am (a, cosnd + b,sinnd). 


We therefore follow Poisson* and introduce Convergence Factors r® into this 
series thus forming the new series 


‘ ao x - cae . 
(13) > + py (a, cosng -- 6, sinng). 


If we interpret (7, ¢) as polar coordinates and confine our attention for 
the moment to points within and on the circumference of the circle r= /?, where 
the positive constant #2 is less than 1, we see from the inequalities (11) that 
no term of the series (13) can exceed in numerical value the corresponding 
term of the series 


M M+ 2 PME 
and, this being a convergent series of positive constant terms, it follows that 
(13) is absolutely and uniformly convergent when r 3 #. Accordingly, 
since the terms of (13) are continuous functions of (r, @), we have the 
theorem : 

I. The series (13) converges absolutely when r <1. It converges uni- 
formly when r S RR, where R ws a positive constant less than 1. It represents 
a function Fr, 6) which is a continuous function of (r, 6) when r < 1. 

This theorem, however, gives us no information either as to the conver- 
gence of (13) when r = 1, or as to whether the function F'(r, ¢) approaches 
a limit as r approaches 1. This last point we proceed, with Poisson, to settle 
by actually summing the series (13). 

By introducing the values (10) of the coefficients into (13) we get: 


] " = 9 
(14) F(r, 4) =x [ soidy + =>/ rn f(y) cosn(y—g)dy (r<1). 
—7 1 /7—" 


Now consider the series 
(15) 1+7 cos @+ rcos 204... (r < 1). 











* Journal de U Ecole Polytechnique, Cahier 15 (1820), p. 422. Poisson uses ¢ = — log r, so 
that his convergence factors have the forme—n. Cf. also Sommerfeld’s dissertation: 
Die willktirlichen Functionen in der mathematischen Physik, Kénigsberg, 1891. 
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This’ is the real part of the geometric serics 


] ) 
ro pte FESR SE es» (|2z| <1), 
where z=r(cos 6 +7¢sin @). Accordingly (15) converges to the value 


1 — rcos@ 
1 — zreos@ + r2- 


Replacing @ by y — ¢ we get, after subtracting 3 from the series (15), 


. $(1 — r*) t.& 
f - - —= — nm : _ 7 
(16) 1 — 2rcos(y— $) + 5 + ; r™ cos n(y — od) ( 1). 


~ 


If we regard r,@ as constants, this series is obviously uniformly conver- 
gent for all values of y. Multiplying it through by f(y) /7 and integrating 
term by term with regard to y from — 7 to 7 gives us precisely the series 
(14).* Accordingly : 


l1—,r 


— 2reos(v¥ —¢)+ 7° ? leas a 


1 " 
(17) Fir. 6) =5- [FH 


This is Poisson's Integral to whose discussion we will devote the next 
section. In doing this we follow out in modified form the line of thought 
distinctly marked out by Poisson and carried through in rigorous form by 
Schwarz. t 


* We are here using the theorem: Jf u)(x2) + u2(r) + °°: is throughout the interval 
as2z sha uniformly convergent series of continuous (or more generally of finite and integrable) 
functions, and f(x) is a function such that f°. \j (x) | dx is convergent, then the series = j(x)u,(x) may 
be integrated from a to b term by term. It is true that this last written series is not in gen- 
eral uniformly convergent if f(x) does not remain finite, but the same kind of reasoning 
that is used to show that a uniformly convergent series of continuous functions may be in- 
tegrated term by term may be readily applied here. 

+See Crelle, vol. 74 (1872), p. 218. The treatment we shall give depends in part ona 
remark of Schwarz, Coll. Works, vol. 2, p. 360, partly on a note by the writer, Bull. Amer. 
Math. Soc., vol. 4 (1898), p. 424. 
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3. The Theory of Poisson’s Integral. Let 0 be the origin, P 
the point whose polar coordinates are (r, ¢), A the point on the unit circle 
with coordinates (1, y), and B the point where the line AP meets the circle 
again. This latter point we will speak of as being opposite to A with regard 
to P. Let PA=p, PB= p,, and let us denote by s the length of the are of 
the circle from the point where y = 0 to the point A, so that s = y. 
The denominator of the fraction in (17) is p?’, 
its numerator which is (1 — 7) (1+ 7) may, 
by a familiar geometrical theorem, be written 
pp;- Thus Poisson's Integral takes the form : 


, a ae 
(18) © F(r,¢) = = / f(s)? ds. 
ov J—s P 


Now consider a second chord through ? which 
meets the circle in a point A’ near to A and 
ina point 4’ near to B. Call the ares AA’ and 
BB ds and ds, respectively. By similar trian- 
gles we have PA/ PB = AA'/ BB, and if we 
regard ds as an infinitesimal, these ratios differ by infinitesimals from p/p, and 
ds/ds, respectively. Hence Poisson’s Integral may be written : 





: i ia 
(19) P(r.) = 4 |S sds. 


This very simple form is due to Schwarz and was interpreted by him in the 
following manner : 


I. Ifthe value which the function f(s) has at every point of the unit 
carcle be transferred to the opposite point with regard to P, the arithmetic mean 
of the resulting distribution of values is equal to the value of Fat P. 


Another interpretation which avoids the necessity of any shifting of the 
values of f(s) may be reached as follows. 
We note first the simple lemma: 
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If two circles with centres at O and O, intersect orthogonally at A, and if a 
chord through A cuts the circles at B and P respectively, then the radius OB 
of the first circle is parallel to the tangent drawn 


at P to the second. 


For the radius OA of the first circle is 


tangent to the second, and therefore the angle 


which the tangent at 7? makes 


with AB is 


equal to the angle OAS which in turn is 


equal to OBA. 


We may state this lemma a little more \y 
precisely, if, as is the case in our figure, P B 
lies within the first circle. Then the direction 
of the radius OB is exactly opposite to the 
direction at /? of the are PA, this are being understood to mean that part 
of the second circle bounded by the two points ? and A which lies wholly 


within the first circle. 


The following theorem now follows at once. 


I]. Given a circle C with centre at O, two points A and A' upon it, anda 








B 


point P within it. Two ares of circles 
PA and PA' are drawn within C cutting 
C orthogonally. If the straight lines PA 
and PA' meet C again in B and B' respec- 
tively, then the angle BOB' is equal both in 
magnitude and in direction to the angle 
hetween the arcs APA’. 

For the directions at / of the ares 
PA and PA’ are by our lemma exactly 
opposite to the directions of the radii 
OB and OB. 

Let us now, returning to Poisson’s In- 
tegral, denote by @ the angle which a circle 
through P cutting the unit circle orthogo- 


nally at the variable point A makes with a fixed circle of the same sort. 


Then by the theorem just proved 


dé = ds, 
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and accordingly Poisson’s Integral may be written : 


(20) F(r,o) = i |S (8) 48. 

This formula may be interpreted as follows : 

III. Jf we imagine that at each point on the unit circle the value of f(s) 
at that point has been marked, then the value of F(r, 6) at any point P within 
the circle is equal to the average of these values as they would be read off by an 
observer at P who turns with uniform angular velocity and who is situated ina 
refracting medium which causes the rays of light reaching his eye to take the 
torm of circular arcs orthogonal to the unit circle. 

Let us now consider the angle formed at /? by two ares through /? ortho- 
gonal to the given circle and meeting it in Wand .V. There are of course two 
such angles whose sum is 27. These we may regard as subtended respectively 
by the two arcs of the circle bounded by W and .V. Let us choose one of 
these two ares and call it the are .W.V, and consider the angle between the two 
circular ares at P which is subtended by JLV. If now, WV and N remaining 
fixed, P approaches as its limiting position a point Z on the given circle not 

on the are JV, the angle at /? evidently 
M 


. changes continuously, and since it is zero 





when /? coincides with Z it must be ap- 
proaching zero as its limit. Hence the 
lemma : 

IV. If L, M, N are three distinct 
points on a circle, and » any positive con- 
lL stant,a region can be marked off about the 
point L such that if P is any point within 
this region and also within the circle, and if 
tivo circular arcs PM and PN are drawn 
within the given circle and orthogonal to it, 
the angle between these arcs subtended hy the are MN (not MLN ) is less than n. 

A proof of this lemma a little more complete than that given above is 
the following. For the sake of convenience of statement take the radius of 
the circle as unit of length. Lay off from Z two ares of length 7/2, namely 
LM, in the direction L.V, and LN, in the direction LV. Draw the chords 
MN, and NM, intersecting in @, a point in the circle. Then the region 
bounded by the two straight lines QM, and GN, and by the are M,LN, isa 
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region of the kind required.* For the angle between the ares PM and PN is 
measured, according to II, by the arc intercepted between the points where 
the lines .WP and VP meet the circle again; and since these points must lie 
between M, and ,, the length of this are is less than 7. 

We are now ina position to consider the important question whether the 
function /'(r, p) approaches a limit as the point (7, ¢) approaches a point 
(1, $9) on the circumference of the unit circle. In doing this we will at first 
suppose that f(y) is continuous wher y = ¢y. Let us denote as before by P 
the point (7, ¢), by Z the point (1, $9). Interpreting the value of F at P 
by means of IIT, we see from IV that by bringing 7? near enough to Z the angle 
which any are of the unit circle on which Z does not lie appears to the observer 
at /? to subtend can be made as small as we please, and therefore the values 
which 7(y) has on this are will have less and less influence on the value of the 
average F’. The only points which, when /? comes to lie very near to L, have 
any appreciable influence on this average are the points in the immediate 
vicinity of L, and therefore this average comes nearer and nearer to the value 
of f(y) at L. Hence the following important result discovered by Poisson : 
V. If f(y) ts continuous at the point vw = do, then 


li , 
rat F(r, 6) = F(oo), 
=n 


it being understood that in this limiting process r and @ are independent vari- 
ables, and r < 1. 

The formal proof of this theorem, of which the reasoning just given may 
be regarded as a rough sketch, is as follows. t 

Consider first the function 


®: 
F,(r, ) = [ f(s) a0, 


and suppose that 1 does not lie on the are 6; = 6 = @,. We wish to prove 
that this function approaches zero as P approaches ZL; that is, that however 
small the positive quantity « may be, we can surround ZL by a region so small 
that for all points /? within it and also within the unit circle | \(7, $), < «. 


*A much larger region could easily be found. The locus of P when the angle in 
question is equal to » is readily shown to be the arc NQM of the circle through these three 
points, and the largest region throughout which this angle is less than » is the crescent 
hounded by the arc just mentioned and the are NLM. 

+This proof, which covers the next two and a half pages, may be omitted if the reader 
wishes to do so. 
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If f remains finite on the are 0, = 0 S 0, denote by Va positive quantity such 
that for all points on this are | f(s) |< M. Then 


“0, 
Fy(r, $) < |  Md0 = M(6, —6,) ; 
and now take a region around Z so small that for all points within it and also 
within the unit circle 

A — 0 < + 
The possibility of doing this is established by IV. For points within this 
region we have then | F'(r, $) | < € as was to be shown. 

We must, however, still consider the case in which at one or more points 
on the are 6, = 0 S @, the function /(s) fails to remain finite. For this pur- 
pose let us determine the position of points on this are by means of the angle 
y measured from the centre of the circle; and denote by y, and y, the values 
of y corresponding to the extremities @, and 6, of this are. Denote the points 
in whose neighborhood / fails to remain finite on this are by yw = a), az, +--+ ay, 
and mark off a neighborhood around each of these points so small that 
S\F(v) | dw extended over any one of these neighborhoods is less than ¢/2k. 
Let us now break up the function f(y) into two parts : 


I(¥) =A(¥) + (¥); 


where /f\(¥) is equal to zero everywhere except in the neighborhoods of 
a;,--- a, just determined, while in these neighborhoods it is equal to f(y) : 


accordingly ft Til) dy < _ On the other hand f44(y) will be zero in the 
y, = 


neighborhoods of a,, - - - a, and will be equal to f(y) everywhere else. It 
will therefore be finite throughout the whole arc, so that from what was just 
proved a region can be marked off about J such that when P is in this region : 


i 6, 

[ Acyae|<§. 

Jo, 2 
Now we have: 


\(r) = | Fil) dO + [ Acne, 
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